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1. Introduction (30min)

We want to find simple models for uniformly hyperbolic systems, such as for:

◦ Hyperbolic toral automorphisms, e.g. fA : T2 → T2 induced by A =

[
2 1
1 1

]
.

◦ Geodesic flows on compact manifolds with negative sectional curvature.

Later, we relax uniform hyperbolicity to an asymptotic one, called non-uniform
hyperbolicity. Two examples of such systems are:

◦ Slow down of fA : T2 → T2, see [9].
◦ Geodesic flows on surfaces with nonpositive curvature.

Introductory example: Smale’s horseshoe [21]. Let g : K → K be Smale’s
horseshoe map, and σ : Σ→ Σ the full shift, Σ = {0, 1}Z. Although g and σ seem
different, they are the same: ∃ bijection π : Σ→ K s.t. π ◦ σ = g ◦ π. The map σ
is much easier to understand:

(1) Easy iteration.
(2) Counting of periodic orbits.
(3) Invariant measures.

The pair of maps σ : Σ→ Σ and π : Σ→ K is called a symbolic model for g.

Hyperbolic toral automorphisms [1]. The map fA also has a symbolic model.
We take a partition of T2 and describe orbits of points wrt it. For that, let Es =
contracting eigendirection, Eu = expanding eigendirection, and proceed as follows:

◦ Cover T2 by finitely many rectangles whose sides are parallel to Es and Eu.
◦ Σ = Z–indexed sequences of rectangles with allowed transitions.
◦ π : Σ→ T2, π{Rn} := unique x s.t. fnA(x) ∈ Rn.

Assuming the rectangles satisfy the Markov property (see below), π is well-defined
and 1–1 except at the boundaries of the rectangles.

2. Markov partitions, method of successive approximations (30min)

Let f : M →M be an Anosov diffeomorphism1. The following are classical:

◦ W s
ε (x) = {y ∈M : dist(fn(x), fn(y)) ≤ ε, ∀n ≥ 0} = local stable manifold.

◦ Wu
ε (x) = {y ∈M : dist(fn(x), fn(y)) ≤ ε, ∀n ≤ 0} = local unstable manifold.

◦ {[x, y]} = W s
ε (x) ∩Wu

ε (y) = Smale product. It exists whenever dist(x, y) < δ.

A subset R ⊂M is called a rectangle if2:

Date: March 4, 2016.
1There exists a df–invariant splitting TM = Es⊕Eu and constants c > 0, λ < 1 s.t. ‖dfnvs‖ ≤

cλn‖vs‖ and ‖df−nvu‖ ≤ cλn‖vu‖ for all n ≥ 0, vs ∈ Es, vu ∈ Eu.
2In the sequel R∗ denotes the interior of R.
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◦ R = R∗ and diam(R) < δ.
◦ x, y ∈ R⇒ [x, y] ∈ R.

In this case, let W s(x,R) := W s
ε (x) ∩R and Wu(x,R) := Wu

ε (x) ∩R.

Let R be a cover of M by rectangles. R is called a Markov partition if:

(1) Disjointness: The elements of R can only intersect at their boundaries.
(2) Markov property: If x ∈ R∗ and f(x) ∈ S∗, then

f(W s(x,R)) ⊂W s(f(x), S) and f−1(Wu(f(x), S)) ⊂Wu(x,R).

R S

f(R)
f−→

ALLOWED

R S

f(R)
f−→

NOT ALLOWED

Symbolic model: topological Markov shift [11]. A symbolic model for f is a
pair of maps σ : Σ→ Σ and π : Σ→M s.t.:

◦ Σ = Z–indexed paths of oriented graph G = (V,E), V = {vertices}, E = {edges}.
◦ σ : Σ→ Σ left shift.
◦ π finite-to-one map s.t. π ◦ σ = f ◦ π.

If R is a Markov partition, then there exists a symbolic model:

◦ V = R and E = {R→ S : f(R∗) ∩ S∗ 6= ∅}.
◦ For R = {Rn} ∈ Σ, π(R) := unique x s.t. fn(x) ∈ Rn, ∀n ∈ Z. Alternatively,

{π(R)} =
⋂
n∈Z

f−n(Rn).

π is well-defined because of the Markov property and uniform hyperbolicity.

The method of successive approximations [19]. This method builds Markov
partitions for Anosov diffeomorphisms, and consists of three main steps.

Step 1. Let T = {Ti} be a finite cover of M by rectangles. It is easy to build T :
for η � δ and every x ∈M , the set [Wu

η (x),W s
η (x)] is a rectangle; by compactness,

we can pass to a finite cover.

Step 2 (Successive Approximations). Recursively define families Sk = {Si,k}
and Uk = {Ui,k} of rectangles as follows:

◦ Si,0 = Ui,0 = Ti.
◦ If Sk,Uk are defined, let

Si,k+1 :=
⋃

x∈Si,k

{[y, z] : y ∈ Si,k, z ∈ f(W s(f−1(x), Sj,k)) for f−1(x) ∈ Sj,k}

Ui,k+1 :=
⋃

x∈Ui,k

{[z, y] : y ∈ Ui,k, z ∈ f−1(Wu(f(x), Uj,k)) for f(x) ∈ Uj,k}.
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Let Si :=
⋃
k≥0 Si,k, Ui :=

⋃
k≥0 Ui,k, and Zi := [Ui, Si]. Then Z = {Zi} is a finite

cover of M by rectangles satisfying the Markov property.

Step 3 (Refinement). To destroy non-trivial intersections, refine Z as follows.
For Zi, let Ii = {j : Z∗i ∩ Z∗j 6= ∅}. For j ∈ Ii, let Eij = cover of Zi by rectangles:

Esuij = {x ∈ Z∗i : W s(x, Zi) ∩ Z∗j 6= ∅,Wu(x, Zi) ∩ Z∗j 6= ∅}

Es∅ij = {x ∈ Z∗i : W s(x, Zi) ∩ Z∗j 6= ∅,Wu(x, Zi) ∩ Zj = ∅}

E∅uij = {x ∈ Z∗i : W s(x, Zi) ∩ Zj = ∅,Wu(x, Zi) ∩ Z∗j 6= ∅}

E∅∅ij = {x ∈ Z∗i : W s(x, Zi) ∩ Zj = ∅,Wu(x, Zi) ∩ Zj = ∅}.

Hence R := cover defined by {Eij : Zi ∈ Z , j ∈ Ii} is a Markov partition, and π is
1–1 on {x ∈M : fn(x) ∈

⋃
R∈R R∗,∀n ∈ Z}.

−→
Zi

Zj
Esuij

s

u
Es∅ij

E∅uij E∅∅ij

Figure 1. Eij = {Esuij , Es∅ij , E∅uij , E∅∅ij } is a cover of Zi by rectangles.

History.

◦ Sinai 1968: Anosov diffeomorphisms [19].
◦ Bowen 1970: Axiom A diffeomorphisms [4].
◦ Ratner 1973: Anosov flows [15, 16].
◦ Bowen 1973: Axiom A flows [5].

3. The method of pseudo-orbits (20min)

Every Anosov diffeomorphism is expansive: ∃δ > 0 s.t. if dist(fn(x), fn(y)) < δ
for all n ∈ Z, then x = y. Hence orbits are distinguished at a scale δ. Bowen used
this to develop an alternative method for building Markov partitions [8]. The con-
struction uses pseudo-orbits, graph transform, and shadowing. Let Ψx = Lyapunov
chart at x. In these charts f is close to df , a hyperbolic linear map.

Step 1 (Coarse graining). x 7→ Ψx is continuous, hence if dist(f(x), y) < ε for
ε � 1 then Ψ−1y ◦ f ◦Ψx is close to a hyperbolic linear map. Fix ε � 1 and cover
M by finitely many Ψxi

s.t. {xi} is ρ–dense in M , for some ρ� ε.

Step 2 (Infinite-to-one extension). Define G = (V,E) where V = {Ψxi
} and

Ψxi
→ Ψxj

iff dist(f(xi), xj),dist(f−1(xj), xi) < ε. For every x ∈ M , ∃xn s.t.
dist(fn(x), xn) < ρ. Hence {Ψxn

} ∈ Σ and fn(x) ∈ Im(Ψxn
), ∀n ∈ Z. Reversely,

for every {Ψxn} ∈ Σ there is a unique x ∈ M s.t. fn(x) ∈ Im(Ψxn) for all n ∈ Z
(here is where we use graph transforms). This defines an onto map π : Σ→M s.t.
π ◦ σ = f ◦ π, but π may be infinite-to-one.

Step 3 (Refinement). Let Z = {π(A) : A is zeroth cylinder of Σ}, a cover of M .
Z has a symbolic Markov property, inherited from (σ,Σ). Apply a refinement as
in the last section. The resulting cover is a Markov partition, and π is finite-to-one.
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4. Applications (25min)

The main applications consist of pushing properties of the symbolic model to
the original system. We focus on three of them:

(1) Lifting invariant measures.
(2) Counting periodic orbits.
(3) Ergodic properties of equilibrium states.

Lifting invariant measures. Assume f : M →M is an Anosov diffeomorphism,
and let (σ,Σ, π) be a symbolic model. It is easy to project measures: if µ is
σ–invariant, then µ ◦ π−1 is f–invariant. It is harder to lift measures without
increasing entropy, but this is possible when π is finite-to-one. If ν is f–invariant,
then µ =

∫
M

1
|π−1(x)| (

∑
y∈π−1(x) δy)dν(x) is σ–invariant and satisfies hµ(σ) = hν(f),

by the Abramov-Rokhlin formula. This is part of Sinai’s program on statistical
mechanics: first build a symbolic model, then use it to construct Gibbs measures
[20]. Notice that htop(σ) = htop(f).

Counting periodic orbits. Periodic orbits of σ project to periodic orbits of f .
Reversely, a periodic orbit of f lifts to finitely many periodic orbits of σ, hence
Pern(f) ∼ Pern(σ). If σ has period p, then Pernp(σ) ∼ enph, where h = htop(σ) =
htop(f). For Axiom A flows, Parry and Pollicott proved that #{closed orbits of

period ≤ T} ∼ eTh

T [14]. The proof is much harder than for diffeomorphisms.

Ergodic properties of equilibrium measures. Gibbs measures, under regular-
ity assumptions, are equilibrium measures. These are measures that minimize the
free energy3. Given an Axiom A system, its equilibrium measures correspond to
equilibrium measures of the symbolic model. Each Hölder function has a unique
equilibrium measure [6], hence it is ergodic. Additionally, it is either Bernoulli or
Bernoulli × period [7].

5. Symbolic dynamics for non-uniformly hyperbolic systems (15min &
talk)

We now weaken uniform hyperbolicity to an asymptotic hyperbolicity, when
the Lyapunov exponents are different from zero a.e. A system like this is called
non-uniformly hyperbolic (NUH). We only consider low-dimensional NUH systems:
surface diffeomorphisms, and three-dimensional flows. Let χ > 0. A probability
invariant measure µ is called χ–hyperbolic if µ–a.e. point has one Lyapunov ex-
ponent > χ and one < −χ. By Ruelle’s inequality, every ergodic measure with
entropy > χ is χ–hyperbolic.

Surface diffeomorphisms with positive entropy [18]. Fix χ > 0. A long-
standing goal was to construct Markov partitions for χ–hyperbolic measures. Katok
coded sets of large, but not full, measure [10]. For surface diffeomorphisms, Sarig
constructed a Markov partition that works for all χ–hyperbolic measures at the
same time [18]. His construction follows Bowen’s method of pseudo-orbits, but
it requires much finer control on regions of bad uniform hyperbolicity. For that,
two concepts play a key role: double Pesin charts, and ε–overlap. Below is a

3This is physically relevant, since the principle of Maupertius states that nature minimizes free
energy.
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rough description of the construction4. Pesin theory plays a key role [2]. Let
NUHχ = {x ∈M : x has one Lyapunov exponent > χ and another < −χ}.

Step 1 (Coarse graining). Each x ∈ NUHχ has a Pesin chart Ψx (this is the
non-uniformly hyperbolic version of Lyapunov charts), but now:

◦ The image of Ψx depends on the asymptotic hyperbolicity of x: the longer it
takes to detect hyperbolicity, the smaller is the image of Ψx.
◦ x 7→ Ψx is not necessarily continuous, hence Ψ−1y ◦ f ◦Ψx may not be close to a

hyperbolic linear map even when f(x), y are very close. Sarig defined the notion
of ε–overlap, which guarantees that Ψ−1y ◦ f ◦Ψx is hyperbolic-like.

The quantities defining Ψx and ε–overlap are precompact, hence we can extract a
countable dense collection of Pesin charts.

Step 2 (Infinite-to-one extension). Define similarly V = {Ψxi
} and Ψxi

→
Ψxj if the pairs Ψf(xi),Ψxj and Ψxi ,Ψf−1(xj) do ε–overlap. The notion of ε–overlap
is strong enough to guarantee that the graph transform method works, hence we
get a map π : Σ→M s.t. π ◦ σ = f ◦ π. Again, π is usually infinite-to-one.

Step 3 (Refinement). Define R similarly. We can only refine R if it is locally
finite: every x ∈M belongs to finitely many R ∈ R, i.e. if x = π{Ψxn

} then there
are finitely many possibilities for Ψx0 . This is called an inverse theorem.

Step 1 1
2 (Inverse theorem). Working with Pesin charts is not enough to get

an inverse theorem. Instead, Sarig works with double Pesin charts: they measure
the forward and backward local hyperbolicity of a point. Here is a philosophical
explanation: in a non-uniformly hyperbolic system the asymptotic forward and
backward behaviors can be different, hence it is necessary to separate the future
and the past. The inverse theorem is proved by carefully controlling all parameters
involved in the construction of double Pesin charts.

Applications.

◦ lim sup e−hn#{p : fn(p) = p} > 0, where h = htop(f) > 0 [18].
◦ ∃ at most countably many ergodic measures of maximal entropy [18].
◦ If µ = equilibrium measure of Hölder potential with hµ(f) > 0, then µ is either

Bernoulli or Bernoulli × rotation [17].
◦ Buzzi-Crovisier-Sarig 2015: if f is C∞, transitive and htop(f) > 0, then ∃! mea-

sure of maximal entropy.

Three-dimensional flows with positive entropy [13]. Consider a 3–dim flow
with positive entropy. Assume that the flow has no fixed points. Working with
f = Poincaré return map of a carefully chosen section, Sarig an myself construct
Markov partitions for each fixed χ–hyperbolic measure. The main difficulty is that
f is not smooth (not even continuous), and the rate of proximity of an orbit to
the discontinuity set has to be carefully analyzed. This difficulty appeared before,
for the Liouville measure on some billiards (Katok-Strelcyn 1983). In our case the
measure is not smooth, hence we develop a different method: instead of looking at
one return section, look at a one-parameter family of them. Almost every parameter
will give a good section.

4The description is very far from being accurate, since we would need much more background
and heavier notation. Nevertheless, it mentions the two important concepts introduced by Sarig.
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Applications.

◦ lim inf Te−hT#{closed orbits of length ≤ T} > 0 [13].
◦ ∃ at most countably many ergodic measures of maximal entropy [13].
◦ If µ = equilibrium measures of Hölder potential with hµ(ϕ) > 0, then (ϕ, µ) is

either a Bernoulli flow or a Bernoulli flow × a rotational flow [12].
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